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Abstract 
This paper is concerned with the asymptotics for Greeks of European-style options and the 
risk-neutral density function calculated under the constant elasticity of variance model. Formulae 
obtained help financial engineers to construct a perfect hedge with known behaviour and to price any 
options on financial assets.  
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1. Introduction 
The computation of marginal behaviour of Greeks (or, the same, derivatives of option fair 
values) is important in financial risk management. Greeks represent the sensitivity of the price of 
derivative securities with respect to changes in the underlying asset prices St or some major 
parameters like risk-free interest rate r, strike price K, volatility σ, expiration time T, time to 
maturity τ. So, the information about behaviour of Greeks has practical and theoretical importance, 
especially if managers must hedge their securities for reducing risk, when future underlying price 
has no good assessment, or estimate the quality of the management of option strategy chosen.  
Greeks and their asymptotics employ for many different ways such as for profit and loss 
attribution, and exotic contract design, and to calibrate parameters from market prices. For instance, 
it can be used for finding Black-Scholes implied variance behaviour [11, eq. (3.5), p. 28]: 
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local volatility,    TttF ,0  is a filtration, generated by standard Brownian motion Wt, and E is an 
expected value.  
The marginal behaviour of Greeks is also useful for computing near-future price tC  
at known 
present price 1tC from 
Taylor series  
  ...
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  is a Greek delta for call option. Furthermore, Black-Scholes equation [12] gives us 
a relationship between Greeks and call option price   
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 is a Greek theta for call option.  
Not only the Greeks’ asymptotics, but limiting behaviour of some other derivatives of option 
fair prices are wholesome in financial mathematics. This is true, e.g., for the risk-neutral density 
function  TSS T ,,0  for final price ST, that aggregates all appropriate information regarding 
preferences of derivative holders and underlying price dynamics. As it is known [4],  TSS T ,,0  is 
proportional to the second derivative of call option price  TKSCC tt ,,0  with respect to the 
exercise price K: 
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In this work we calculate Greeks’ asymptotics (section 2) and compute risk-neutral density 
function (section 3) for European options under the constant elasticity of variance (in brief, CEV) 
model. It is a kind of stochastic volatility model for the value of underlying asset proposed in [7]. It 
takes into account the negative correlation between stock returns and realized stock volatility 
(leverage effect); and the negative correlation between the strike price and the implied volatility 
[10] while the classical Black–Scholes model [12] doesn’t. Moreover, there is some evidence [19], 
that risk-neutral European call prices can be non-monotonic functions of the time to maturity τ in 
which increasing time t initially increases the call’s price but after some point starts to depress the 
value of this call, and hence, its price can substantially differ from standard results of Black-
Scholes.  
Because of its importance, there are lots of financial applications of the CEV model in a wide 
variety of contexts: pricing American-style options with extension of Barone-Adesi and Whaley 
formula [2] or with Laplace–Carson transforms [20], or with inverse Laplace transform [13]; 
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asymptotic expansions of option prices [16]; static hedge of American options [6] and American-
style knock-in options on defaultable stocks [15]; binomial tree approach [9]; modeling nonlinear 
multivariate interest rate processes based on time-varying copulas and CEV approach [5] and many 
others. 
 
2. Asymptotics for Greeks under the CEV model 
Under the probability measure P of probability space (Ω, Ft, P) with a filtration    TttF ,0 , 
generated by standard Brownian motion W=Wt, the CEV process assumes that the asset price {S=St, 
0≤t≤T} is described by the following stochastic differential equation [7]:  
dWSdtSdS 2/ , 
where S(0)=S0 is known, μ is an expected return rate, δ is a volatility and 0<β<2 is a scale 
coefficient or elasticity of volatility, that makes the local volatility 12 St decline when the 
asset price grows.   
Note that case β=2 corresponds to Black–Scholes model, case β=0 is the absolute diffusion 
process and case β=1 is the square-root diffusion model, both of them are described in [8]. 
Let from now on   tT   ,2 1  and   )2(exp rm . The CEV call option price Ct 
with exercise price K and expiration time T is expressed [17] as  
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 xyQ 2,2;2   is a complementary non-central χ2-distribution function with 2ν degrees of freedom 
and non-central parameter 2x. It may be represented [17] as  
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is the modified Bessel 
function of the first kind of order q.  
The CEV put option price Pt is easy to find from ‘call-put’ parity [14] as follows 
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    xyQSyxQKeP rt 2,22;212,2;2 
 .   (3) 
Closed-form solutions for computing Greeks of European-style options under the CEV model 
are written in [14]: 
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,; Iep , ω>0, is a complementary non-central χ2–
density function. 
Let us examine the marginal behaviour of European-style call and put option prices, and their 
Greeks in eqs. (1), (3)–(8b), when 0 ,  , K , r , T .  
Case  a. 0 . 
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Further we use the modified Bessel function asymptotics when its argument z , as it is 
given by [1, eq. (9.7.1)]: 
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So, after substituting (11) into (9), (10) and completing the square, distribution functions are 
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From eq. (13) we obtain  
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Using eq. (11) we can discover all the asymptotics of density distribution functions ingoing to 
(4a)–(8b) when 0 : 
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where C and C1 are constants, that independent from τ.  
Taking the limits in (1), (3)–(8b) and using eq. (2) and asymptotics (12)–(14d) we get 
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Case  b.  . 
From eq. (2) it is obvious, that 0limlimlim 

yxk . From definition of CEV model it 
follows that 
222  S , 0< 2 , i.e.   as  .  
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Like in the case 0  we find the asymptotic behaviour of distribution functions ingoing to 
(1), (3), (6a) when  . We use eqs. (9), (10) and the modified Bessel function asymptotics when 
its argument 0z , as it is given by [1, eq. (9.6.7)] 
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Using (15) we discover the asymptotics of density distribution functions ingoing to (4a)–(8b) 
when  : 
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Taking the limits in (1), (3)–(8b) and using asymptotics (16)–(18d) we get  
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Taking the limits in (1), (3)–(8b) and using asymptotics (12), (13), (19a)–(19d) we get  
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Case  e. T . 
From eq. (2) it is obvious, that 0lim,lim,0lim 

yCxk
TTT
 and 0lim 

xy
T
, where C is 
some constant, that independent from T. In addition, 

m
T
lim . Taking the limits in eqs. (9), (10) 
we get 
     



0
11 222,22;2
2
dzCzIzeCxyQ zC =(sub tz  )  



0
2/ 2 dttCIteCe CtC ;  (20)
 
      







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y
yx
zy dzze
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dzyzIzeyyxQ
/
12
/
1
1 22
)(
2
~222,2;2 =(sub   2/12  ypz )= 
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)(2
1
)(2
2
122/
1
2
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1
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
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
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 







C
p
x
p
y
dppedppe
e
.   (21) 
Note that integral in eq. (20) is a Laplace transform for the function    tCIttf 22/  . It 
equals to CeC  as it is given by [3, eq. (18), p. 197]. On the whole   12,22;2  xyQ .  
For density distribution functions we have the same asymptotics as in eqs. (18a)–(18d), so, 
taking the limit T  in (1), (3)–(8b) and using eqs. (20), (21) additionally, we have 
     SyxQeKxyQSC r
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
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

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3. Risk-neutral density function under the CEV model 
Knowledge about the dynamics of the risk-neutral density is necessary for the pricing of any 
options on financial assets [4, eq. (3)], even exotic and complex [18]. 
Theorem 1: under the CEV model there exists a risk-neutral density function  TKSt ,,  for 
European-style options with the final price ST=K 
   
TSK
ttr
Tt
K
TKSC
eTSS





2
2 ,,
,, , 
where  
           


xypy
K
S
xypyy
K
S
K
TKSC tt 2,2;2
22
2,22;21
22,,
2
2
2
2
 
         yxpy
K
eyxpyy
K
e rr 2,24;2
22
2,22;21
22 2
22




  .
 
Proof: 
To compute  TSS Tt ,,  we need use the following auxiliary relations as it is given by [14, 
eqs. (A2a), (A2b), (A11a), (A11b)]: 
   


,;
,;
p
Q
, 
   


,2;
,;
p
Q
,  (22) 
      


,2;,;
2
1,;
pp
p
, 
      


,2;,;
2
1,;
pp
p
,   (23) 
Using eq. (22), we are able to compute the following partial derivatives: 
         xyp
K
y
xyp
K
y
K
xyQ
2,22;2
22
2,22;2
22,22;2








, 
13 
 
         yxp
K
y
yxp
K
y
K
yxQ
2,22;2
22
2,22;2
22,2;2

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



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 
0
2



K
x
, 
   
K
y
K
y 


 222
.  
So, differentiating eq. (1), we have 
          yxpyeyxQexypy
K
S
K
C rrt 2,22;2222,2;212,22;22
2


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. 
Since  
2
1
K
y
K
y
K








, we use eq. (23) for computing the second partial derivative as 
follows: 
           

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K
S
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K
S
K
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2
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2
 
         yxp
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K
y
e rr 2,22;2
22
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K
y
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2
2
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

  . 
Finally, reducing similar terms and simplifying we get 
         
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S
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K
S
K
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2
2
2
2
 
         yxpy
K
eyxpyy
K
e rr 2,24;2
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2,22;21
22 2
22




  . 
This completes the proof. 
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